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� A novel topology optimization
method combining self-adaptive
neural network and material-field
series expansion is proposed.

� The self-adaptive neural network
model handles up to 200 design
parameters under topological
dimensionality reduction.

� This method reduces the
computational time by 1–4 orders of
magnitude compared with the
coarse-mesh-based gradient-free
methods.

� The optimized cellular material
effective bulk modulus by the
proposed method achieves 98% of the
theory bound.
g r a p h i c a l a b s t r a c t

Illustration: A gradient-free topological design method integrating the material-field series expansion
topological parameterization and the deep neural networks is proposed. This optimization method
reduces the computational time by 1–4 orders of magnitude compared with the coarse-mesh-based
gradient-free methods and can handle up to 200 design parameters in design dimension reduction model.
Several designs with high performances are obtained with the present method.
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Powerful gradient-free topology optimization methods are needed for structural design concerning com-
plex responses. In this paper, a novel gradient-free optimization method is proposed by integrating the
material-field series expansion topological parameterization and the deep neural networks, providing
two-fold advances: firstly, it generally reduces the massive topological design variables to fewer than
200, while keeps the capability to represent relative complex 3D topologies and clear boundaries; sec-
ondly, by constructing a sequential neural network surrogate model, it sufficiently explores the reduced
design space and is capable of handling multi-peak and discontinuous optimization problems. The effec-
tiveness of this method is illustrated via several design problems, among which the optimized material
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Deep neural network
Material-field series expansion
effective bulk modulus achieves 98% of the H-S bound and the highly-nonlinear peak weld stress in a
phone dropping process is decreased by 16.59%. This method reduces the computational time by 1–4
orders of magnitude compared with the coarse-mesh-based gradient-free methods, and it is the first time
to successfully conduct gradient-free 3D topology optimization with thousands of finite elements. The
method’s ease of implementation and compatibility with various simulation software, brings topology
optimization into complex industrial applications and proves that gradient-free technology represents
an effective optimization benchmark for improving structural performance.
� 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Topology optimization, which aims to determine the optimal
material distribution within a given design domain for the best
performance of structures, has attracted widespread attention
within academia and engineering contexts over the past two dec-
ades [1,2]. From a fundamental perspective, a topological design
is a highly non-convex 0–1 integer programming problem in an
infinite-dimensional design space, posing significant challenges
for achieving the optimal solutions [3]. Unlike size or shape opti-
mization related to continuous and finite-dimensional design
space, the topology optimization procedure typically experiences
an artificial transition from discrete to continuous variables,
thereby giving rise to three main steps, i.e., topological representa-
tion, material interpolation modelling, and the optimization algo-
rithm. In the topological representation step, typically, the
density-based method [4] represents the structural topology by
thousands of elemental relative densities, while the evolutionary
structural optimization method [5] represents the structural topol-
ogy directly through the use of finite elements. By describing the
structural topology with radial basis functions or beam component
functions, the parameter level-set method [6,7] and the moving
morphable component method [8] were shown to reduce the
design dimensionality into several hundred parameters. However,
in most existing topology representations, only gradient-based
optimization algorithms, such as optimality criteria methods [9],
sequential linear programming methods [10], the method of mov-
ing asymptotes [11], or the sequential approximate integer pro-
gramming [12], can be used to effectively solve the
corresponding topology optimization model, thereby requiring a
complicated sensitivity analysis and easily falling to a local solu-
tion. Material interpolation modelling is also critical in the topol-
ogy design of continua, giving rise to, e.g., the interpolation of
solid isotropic material with penalization (SIMP) [13], the rational
approximation of material properties [14], and others [15].

There are two significant advantages to gradient-free topology
optimization compared to gradient optimization methods as fol-
lows [16]: (i) Because the sensitivity information is not mandatory
and only the evaluation of the objective function is required,
gradient-free topology optimization is easy to implement for
multi-physical problems; (ii) in complex optimization problems
with multiple-peak objective functions or non-connected design
spaces, gradient-free topology optimization has better global
search capabilities. Existing works on gradient-free methodologies,
e.g., those addressing the genetic algorithm (GA), the generalized
simulated annealing (GSA) and the self-directed online learning
optimization (SOLO), showed that they would be useful for
selected complex problems in which standard gradient methods
fail [17–19]. However, these methods have also been regarded as
hopelessly inefficient with poor performance for density-based
topology optimization problems [20] due to a large number of
design variables that will inevitably lead to a dimensional explo-
sion in gradient-free algorithms. Based on the genetic algorithm
and a specific generative algorithm to coarsely represent topology,
2

Lohan et al. [21] studied the topological design of steady-state
heat-conduction problems. Yoshimura et al. [22] investigated the
flow-channel topology design with the genetic algorithm assisted
by the Kriging surrogate model. After simplifying the structural
topology by using several beam component functions, Raponi
et al. [23] developed a Kriging-assisted level-set method for the
design of two-dimensional (2D) crash structures. However, the
exploitation of the gradient-free topology optimization with a
complete representation of structural topology to handle complex
three-dimensional (3D) topology optimization problems that are
likely to be unsolvable using gradient methods, remains elusive.

Recently, a new topology representation model, referred to as
material-field series expansion (MFSE) [24], was demonstrated as
effectively and significantly reducing the number of design vari-
ables in topology representation while providing an accurate and
clear description of the structural boundaries. The proposed
MFSE-based topology representation with reduced dimensionality
is fundamentally different from the conventional density-based
method. Accordingly, MFSE can be combined with gradient-free
optimization algorithms to achieve the optimized topology of
any structure. By combining MFSE and a Kriging-based optimiza-
tion algorithm, Kriging-based MFSE (KG-MFSE) [25] has been suc-
cessfully applied for dealing with non-smooth and multiple local
minima optimization problems without requiring sensitivity anal-
ysis, e.g., photonic or phononic crystal bandgap problems [26–28],
material microstructure design [29], and freely vibrating design
[30]. For 3D topology optimization problems, the number of MFSE
design variables used for the complete representation of structural
topology is typically above 100; in such a case, the Kriging-based
algorithm will not perform well because of its extremely inaccu-
rate surrogate in high-dimensional space. Therefore, how to create
a more effective gradient-free solution strategy is an open problem
still to be completed.

As a burgeoning field in artificial intelligence research, neural
networks have had interesting impacts on topology optimization.
Existing work on topology optimization with the aid of neural net-
works aims to create a large solution data set that is based on tra-
ditional topology optimization, as well as establish the mapping
between pixels, e.g., mapping from the intermediate grayscale
structure [31–33] or the initial design domain and boundary con-
ditions [34–36] to the final structural topology. This method
requires a vast supporting data set; furthermore, it is difficult to
impose complex constraint conditions. Hence, large amounts of
calculation, a weak generalization ability, and the violation of con-
straints are inherent defects of such an approach. In response,
some scholars have put forward corresponding improvements to
compensate for these shortcomings through the use of a larger
integrated neural network [37].

In this study, a new gradient-free topology optimization
methodology based on the deep neural network and MFSE (DNN-
MFSE) model is proposed. Topological representation using a
bounded material field with spatial dependency, which can use a
reduced series expansion to greatly decrease the topology opti-
mization design variables, as well as a new optimization algorithm

http://creativecommons.org/licenses/by-nc-nd/4.0/


Z. Sun, Y. Wang, P. Liu et al. Materials & Design 220 (2022) 110885
that uses a self-adapted DNN process, is presented. Finally, we pro-
vide detailed numerical examples by way of a compliance design
problem, a microstructure bulk modulus problem, and the dropped
phone problem to illustrate the method’s validity and applicability.

2. Topology optimization model

Continuum topology optimization can be explained as finding
the optimal distribution of materials in a structural design domain.
The general mathematical formula of topology optimization prob-
lems can be summarized as follows:

min f v;uð Þ
s:t: G v;uð Þ ¼ 0
: gk v;uð Þ 6 0; k ¼ 1;2; ::::::

ð1Þ

where v denotes the material distribution function, f v;uð Þ is the
performance function to be optimized, which can be given in the
form of compliance, structural stress, band gap, etc. u is the struc-
tural response obtained by solving the equilibrium function
G v;uð Þ ¼ 0, and gk is the inequality constraint in topology optimiza-
tion, which typically contains a volume or a mass constraint.

2.1. Topological description method based on material field

The issue of how to characterize the material distribution in the
structural design domain is the main difference between various
topology optimization methods. Among these techniques, the
MFSE topological description model [24] plays an important role
in the gradient-free topology optimization strategy proposed in
this study. It introduces a bounded material field function, i.e.,
u xð Þ 2 ½�1;1�, to define the 2D or 3D design domain topology of
the structure x 2 Xdes. For continuum topology optimization, the
distribution of materials often has a specific spatial consistency;
as such, the material field function can naturally be endowed with
a correlation definition. Herein, it is assumed that the correlation is
expressed as an exponential distance function as follows:

cðxi; xjÞ ¼ expð�k xi � xj k2=l2c Þ ð2Þ
where cðxi; xjÞ represents the correlation of the material field func-
tion value of the two points xi and xj, and lc represents the correla-
tion length, which can control the topological complexity. If lc is
large, the spatial correlation of the material field is strong, which
means the spatial fluctuation degree of the material field is rela-
tively gentle, and vice versa. It is worth noting that, based on the
definition of the above formula, there are obviously cðxi; xiÞ ¼ 1
and cðxi; xjÞ 2 ½0;1�. In practical engineering problems, the correla-
tion length is typically set to 30% of the size of the design domain,
i.e., lc ¼ 0:3 �min a; b; cð Þ, where a, b, and c are the dimensions of the
3D design domain.

The realization of each material-field function represents a
topological configuration of the structure. Because the material
field function is continuous, it must be projected to get an approx-
imation of discrete material distribution v at any coordinate point
x as follows:

v xð Þ ¼ u xð Þe�b þ 1� e�bu xð Þ; ifu xð Þ P 0
u xð Þe�b � 1þ e�bu xð Þ; ifu xð Þ < 0

(
ð3Þ

where b is the smoothing parameter, which controls the smooth-
ness of the projection. When b ¼ 0, v xð Þ ¼ u xð Þ, and as b becomes
larger, the projection for establishing v xð Þ tends toward 1 and �1.
Note that 0 6 v xð Þ < 1 refers to the solid material while
�1 6 v xð Þ < 0 refers to void in single-material topology optimiza-
tion. In the practical optimization process, the continuation
approach for gradually increasing b from 0 to 40 is used.
3

2.2. Material-field series expansion

When the bounded material field is endowed with a specific
spatial correlation, the material field function u xð Þ can be
expressed using a non-probabilistic series expansion method that
inherently maintains the spatial correlation of the original material
field. By arranging Np observation points evenly in the structural
design domain, a correlation matrix C can be constructed as
follows:

C ¼

1 cðx1; x2Þ � � � cðx1; xNP Þ
cðx2; x1Þ 1 � � � cðx2; xNP Þ

..

. ..
. . .

. ..
.

cðxNP ; x1Þ cðxNP ; x2Þ � � � 1

2
66664

3
77775 ð4Þ

where upon the eigenvalue problem becomes

C ¼ w1 w2 � � � wNp

n oT

k1
k2

. .
.

kNp

8>>>><
>>>>:

9>>>>=
>>>>;

w1 w2 � � � wNp

n o
ð5Þ

where kk and wk are the eigenvalue and eigenvector of the correla-
tion matrix in a descending order, respectively.

Through the correlation matrix, the material field can be
expressed by a linear series expansion [38] as

u xð Þ ¼
XNP

k¼1

gk
1ffiffiffiffiffi
kk

p wT
kCd xð Þ; x 2 Xdes ð6Þ

where gk is the MFSE coefficient to be determined, Cd xð Þ is the divi-
sion of the correlation matrix, and the specific expression is
Cd xð Þ ¼ cðx; x1Þ; cðx; x2Þ; � � ��; cðx; xNP Þ

� �
.

To better understand the expansion shown in Eq. (6), the first
nine orders of eigenvalues kk and the corresponding eigenvectors
wk of an illustrative correlation matrix for a cube design domain
are given in Fig. 1. The different orders of eigenvectors show differ-
ent basis functions; furthermore, the eigenvalues decrease rapidly
with increased order, thus indicating that the major topology con-
figurations can be approximately represented by the first several
orders of eigenvectors.

Based on the above observation, it is convenient to ignore the
expansion items with smaller eigenvalues. The number of trun-
cated terms not only affects the approximate degree of the struc-
tural topology, but also affects the optimization efficiency of
gradient-free methods. In this study, the number of truncation
terms, i.e., M, is selected by the formulation

e ¼
XM
i¼1

ki=
XNP

j¼1

kj P 99:9% ð7Þ

and the truncation series expression of the material field is

u xð Þ �
XM
k¼1

gk
1ffiffiffiffiffi
kk

p wT
kCd xð Þ ¼ gTK�1=2UTCd xð Þ ð8Þ

where g ¼ fg1;g1; . . .gMgT is the vector of coefficients to be deter-
mined, K ¼ diagðk1; k2; . . . ; kMÞ is an M �M diagonal matrix, and
U ¼ fw1;w2; . . . ;wMg is the Np �M matrix.

To facilitate the construction of the mapping of the material
field function to the structural topology, it is necessary to ensure
that the material field is bounded in �1;1½ �; accordingly, it follows
that

�1 6 gTK�1=2UTCdðxiÞ 6 1; ði ¼ 1;2; . . . ;NpÞ ð9Þ
By squaring the Eq. (9), we get



Fig. 1. The first nine orders of eigenvalues and eigenvectors of the correlation matrix, based on the cube material field.
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gTK�1=2UTCdðxiÞCdðxiÞTUK�1=2g 6 1; ði ¼ 1;2; . . . ;NpÞ ð10Þ
Let’s introduce the matrix W i ¼ K�1=2UTCdðxiÞCdðxiÞTUK�1=2, Eq.

(10) could be given as follows:

gTW ig 6 1; ði ¼ 1;2; . . . ;NpÞ ð11Þ
2.3. MFSE-based topology optimization model

At each finite element, Young’s modulus E for the isotropic
material is expressed using a power-law interpolation function,
i.e.,

E ¼ Emin þ 1þ v xeð Þ
2

� �p

E0 � Eminð Þ; ðe ¼ 1;2; . . . ;NeÞ ð12Þ

where E0 and xe denote the Young’s modulus for the solid material
and the center coordinate point of the e-th element, respectively. A
smaller value, Emin ¼ 10�9E0, is taken to avoid the singularity of the
stiffness matrix, and p ¼ 3 is the penalty coefficient.

Through the material field interpolation and the finite element
analysis, the MFSE-based topology optimization model in g-space
can be expressed as follows:

min
g

f ðu; EðgÞÞ

s:t:
GðuÞ ¼ 0

gkðu; EðgÞÞ 6 0
gTW ig 6 1

8><
>:

ð13Þ

where the MFSE coefficients g ¼ fg1;g2; � � � ;gMgT are taken as the
design variables, f ðu; EðgÞÞ is the performance function, and EðgÞ
is the isotropic material’s Young’s modulus as determined by Eq.
(12).

Following the truncation of the material field series, the topo-
logical configuration of the structure can be approximated to the
series with a small number of design variables. When working
with 2D problems, the design space dimension of topology opti-
4

mization can typically be reduced to 50–100; in the case of 3D
problems, it can generally be reduced to fewer than 200. Compared
with the density-based topology optimization method, the MFSE
method can reduce the design variables by several orders of mag-
nitude, which also provides the possibility for the practical applica-
tion of the gradient-free topology optimization method for solving
complex nonlinear problems.

3. DNN-MFSE optimization method

This section presents a combination of the neural network and
the MFSE model. First, the background knowledge of neural net-
works is reviewed. Next, three major strategies for solving the
MFSE topology optimization model, combined with the DNN-
based surrogate optimization algorithm are presented. To improve
the accuracy of the surrogate, new neural network architecture and
a method for adaptively selecting hyperparameters are presented.

3.1. An overview of the neural network

The surrogate model plays an important role in dealing with the
computationally expensive analysis process [39]. In terms of effi-
ciency, compared with the original optimization problem, opti-
mization based on the surrogate model can obtain a high-quality
optimized design within a short time. The surrogate model is
actively employed in various fields of academia and industry
[40–44] and includes the commonly used Kriging, artificial neural
network (ANN), and support vector machine (SVM) models. In par-
ticular, ANNs have recently gained considerable attention due to
their flexibility and universal approximation abilities. However,
only a small amount of work applied neural networks as surrogate
optimization models for topology optimization. Generally, ANNs
can be divided into shallow neural networks and DNNs, based on
their number of layers. A shallow neural network is a model that
includes only one hidden layer. In complicated problems, e.g.,
topology optimization design, the input and output usually show
a high degree of nonlinear dependence. It is difficult, even when



Z. Sun, Y. Wang, P. Liu et al. Materials & Design 220 (2022) 110885
working with the compliance-minimization problem, to fully
describe the mapping relationship using a shallow neural network,
which presents the need for using a DNN method.

Compared with the traditional shallow neural network, a signif-
icant improvement delivered by a DNN is an increase in the num-
ber of hidden layers as shown in Fig. 2, which strengthens the
complexity of the model and its capability for managing problems
related to high nonlinearity [45]. According to the general approx-
imation theorem [46], a neural network can approximate any con-
tinuous function with arbitrary precision. Several DNNs with a
considerable number of hidden layers were proposed to address
real problems [47–49].

In a forward neural network, the mathematical formulation
between the output on the j-th neuron zj and the input xi to the
next layer can be expressed as

zj ¼ f ð
X
i

ðwijxi þ bjÞÞ ð14Þ

where f ð�Þ denotes the nonlinear activation function, while wij and
bj denote the weight vector and bias term, respectively.

For each layer of the neural network, the parameters are inde-
pendent and the multiple layers enable the mapping of complex
behaviors between inputs and outputs. Through a layer-by-layer
feedforward method, the output of the neural network with nl lay-
ers can be obtained as

Mðx; hÞ ¼ f ðnl�1Þðf ð...Þðf ð2Þðf ð1ÞðxÞÞÞÞ ð15Þ
where M denotes the DNN output, h denotes the parameters of the

network containing wij and bj, f
ðiÞ denotes the activation function

enacted by the i-th layer neural network, and nl is the number of
layers.

3.2. Optimization strategies in the DNN-MFSE model

To efficiently obtain a solution of the MFSE topology optimiza-
tion model in Eq. (13), a DNN-based model was used as a surrogate
for the topology optimization problem. First, the topology opti-
mization model needs to be transformed into an unconstrained
form as follows:

min
g

f objðgÞ ¼ f ðu; EðgÞÞ þ p0maxðgk;g
TW ig� 1;0Þ ð16Þ
Fig. 2. Shallow neural network

5

where p0 is the penalty multiplier and is set as

p0 ¼ 10floorð1þlog10 f ðu;qðgÞÞj jÞ ð17Þ
Due to the samples being distributed uniformly, the Latin

hypercube sampling was chosen as the sampling technology in this
paper to get the various MFSE design variables g. Then, MFSE
design variables g is taken as a neural network input, and the
unconstrained objective f objðgÞ is set as the output; in this way,
mapping throughout the neural network can be achieved. The neu-
ral network learns through the use of the corresponding input and
output via back-propagation in the training phase, i.e., deep learn-
ing. In this paper, the task of the neural network is to establish
regression mapping from the design variables to the penalty objec-
tive function, so that the mean square error between the predicted
penalty objective function Mðg; hÞ and the real penalty objective
function f objðgÞ is selected as the loss function in the DNN model,
which can be written as the following optimization problem:

min
h

: F ¼
XN
i¼1

k Mðgi; hÞ � f objðgiÞ k2 ð18Þ

where f objðgiÞ is the unconstrained objective value corresponding to
gi, operator k � k2 represents 2-norm, and N is the total number of
input samples.

To increase the robustness of the algorithm in the optimization
method, based on DNN and MFSE, this study introduces three
major strategies, i.e., a sub-domain self-movement strategy, a local
adding-point strategy, and a sub-domain adaptive reduction
strategy.

3.2.1. The sub-domain self-movement strategy
When solving topology optimization problems using surrogate

models, it is inefficient to directly use design variables in the entire
domain as samples for the objective function. Not only does this
require enough sample points to improve the accuracy of the neu-
ral network-based surrogate model, but there may also be many
sample points with poor performance that make the surrogate
optimization process difficult. Forrester et al. [50] pointed out that
the only solution for complex function surrogates was to use a
local strategy so that the performance of the objective function
would be relatively simple, and fewer samples could be used to
better surrogate the objective function. Accordingly, we adopted
and deep neural network.
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a sub-domain self-movement strategy for the DNN-surrogate
model.

3.2.2. The local adding-point strategy
Typically, it is uneconomical for the DNN surrogate model to

yield very accurate predictions at sample points far removed from
the optimal point. High accuracy is required in a potentially
promising region for the DNN-surrogate model. Accordingly, the
local adding-point strategy can be used to locally increase the sam-
pling points in the sub-domain where the objective function is bet-
ter, so that the neural network has a higher approximation
accuracy in the current sub-domain and can more promisingly find
an optimized point.

3.2.3. The sub-domain adaptive reduction strategy
In topology optimization, it will be difficult for the DNN surro-

gate model to accurately represent the performance function by a
small sample point if a larger search domain is considered. Further-
more, structural disconnection probability in sample points will be
increased, giving rise to difficulties within the surrogate model. In
this regard, the range of the search sub-domain should be reduced
in the iterative process, which is in line with the method using a
‘‘rough search” first, followed by a ‘‘fine search”.

According to the above three strategies, this study gives the fol-
lowing empirical formulation for adjusting the design domain:

Xk ¼ k g� gðkÞ k1 6 rk
� � ðk ¼ 0;1;2; . . .Þ

gkþ1 ¼ g� j ming2Xk
fobjðgÞ

� �
rkþ1 ¼ 0:9rk

ð19Þ

where k represents the number linked to the sub-optimization
problem, k � k1 represents the infinite norm, and gðkÞ is the central
point of the k-th sub-problem.

Furthermore, the respective criteria for stopping each sub-
domain optimization iteration and the entire optimization are

Mðgðnþ1Þ; hÞ �MðgðnÞ; hÞ 6 0:01 � ymin or Nk 6 50 ð20Þ
and

k gðkþ1Þ � gðkÞ k1 6 0:01; ð21Þ
where MðgðnÞ; hÞ is the n-th optimized prediction of the DNN, ymin is
the current minimum of f obj, and Nk is the number of resamples in
the k-th sub-domain. The first stop criterion in Eq. (20) indicates
that the sub-optimization problem changes when reaching the
maximum number of resamples or, alternatively, when finding
the optimized solution via a neural network. The second criterion
in Eq. (21) indicates the final optimized solution obtained when
the two sub-problem solutions show relatively little change.

3.3. Neural network hyperparameter selection

In each sub-domain, in order to save finite element costs, the
number of Latin hypercube samples was small for the neural net-
work. To avoid overfitting in the neural network, a regularization
strategy was required. This study used the BatchNorm and Dropout
layers for regularization. To reduce the computational cost and
improve the surrogate performance of the model, the PRelu func-
tion, rather than the commonly used Sigmoid function, was used
as the activation function, and the layers including the Linear acti-
vation layer, BatchNorm layer, PRelu function, and Dropout layer
were set as a basic code block in the hidden layer. Then, the num-
ber of hidden layer blocks was set as a hyperparameter of the neu-
ral network structure, as shown in Fig. 3.

Next, the remaining neural network hyperparameter strategies
were introduced. The parameters representing the network’s pre-
defined architecture, e.g., the number of hidden layers, were
labeled the hyperparameters. As noted above, these hyperparame-
6

ters had a significant influence on the performance of the neural
network, and the value of the hyperparameters could be discrete
or continuous. This represents a typical non-convex combinatorial
optimization problem that is difficult to solve by traditional opti-
mization methods. In the process of topology optimization,
because this study adopted a movement strategy of the design
domain, the behavior of the local function of each generation will
change significantly. Therefore, it is particularly important to
develop an adaptive network hyperparameter selection strategy
to improve surrogate accuracy.

Herein, based on the self-adaptive reduction and movement
strategy of design domain, a self-adaptive selection algorithm of
network hyperparameters is proposed and its key ideas are out-
lined as follows:

(1) Given the selection range of the hyperparameters, one of the
hyperparameters was randomly selected as the initial value
of the iterative process.

(2) According to the different selection ranges of the various
hyperparameters, given a search radius and the construction
of a sub-domain hypercube, the hyperparameters in this
domain were randomly sampled to calculate the total error
of the test sample (note that the test sample was not visible
to the neural network) until the maximum number of sam-
ples was reached.

(3) The total error of each hyperparameter was compared; the
best hyperparameter selection in the sub-domain was
obtained and used as the center point for moving the sub-
domain, as well as to reduce the search radius until the
hyperparameter selection reached convergence or the max-
imum computational cost.

In short, this study used the number of code blocks, the learning
rate, the dropout rate, and the number of neurons in each layer as
hyperparameters, and adopted the above self-adaptive selection
algorithm. The ranges of these hyperparameters are shown in
Table 1.

Theoretically, the DNN surrogate model predicts accuracy will
be greater as the number of samples increases. A qualitative test
was carried out to verify the influence of the number of samples
on the self-adaptive neural network performance. The problem of
minimizing the compliance of the MBB beam structure is taken
as an example, and the numerical conclusion is shown in Fig. 4.

It can be seen from Fig. 4 that the performance of the self-
adaptive DNN model increases rapidly as the number of samples
increases when the number of samples is less than 300, but it
becomes slower when the number of samples further increases.
Thus, it is reasonable to control the number of samples per-Latin
hypercube sampling with 300 in this research.

To show the influence of the search domain area on the surro-
gate accuracy of the DNN-based model and verify the effectiveness
of the proposed hyperparameter self-adaptive method, this paper
takes the former cases in Fig. 4 for verification. We express the
design domain as follows:

k g� gð0Þ k1 6 r ð22Þ

where gð0Þ is the central point of the sub-problem design domain,
and r is the parameters that control the size of the sub-problem
design domain. Then, 300 sample points are taken to calculate the
structural performance, of which 90% are used to train the DNN
model, and 10% are used to test the DNN model.

In surrogate-based optimization, the average error affects the
overall performance of the optimization, and the standard devia-
tion affects the position of the sample point in the local adding-
point strategy; as such, comprehensive consideration of the above



Fig. 3. Basic blocks in deep neural network.

Table 1
The hyperparameter ranges that were used in this study.

Hyperparameter Ranges Parameter Type Hyperparameter Ranges Parameter Type

Blocks numbers 1;4½ � Discrete Number of nodes 4;128½ � Discrete
Learning rate 10�5;10�1

h i
Continuous Dropout rate 0:2;0:5½ � Continuous

Fig. 4. The average prediction error and the standard deviation of the self-adaptive
deep neural network under the different number of samples.
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two indicators is needed to evaluate the surrogate performance.
The average prediction error Aerror and the mean standard deviation
Mstd between the objective ŷi and the predicted yi is calculated as
Aerror ¼ 1
30

X30
i¼1

ðyi � y
^

iÞ
2

Mstd ¼ 1
30

X30
i¼1

ððyi � y
^

iÞ
2

� AerrorÞ
2

ð23Þ

The relationship between the average prediction error Aerror and
mean standard deviation Mstd of the surrogate model with the
domain area and design space dimensions are plotted in Fig. 5.
The figure shows that the average error and mean standard devia-
tion of the DNN model decrease as the range of the search area is
reduced. In the MBB beam case, the search range of the surrogate
model, which is controlled in k g� g0 k1 6 0:4, is ideal. Moreover,
Fig. 5 shows that the performance of the optimized neural network
has been greatly improved, whereby the average and standard
deviations of its error have decreased to some extent under differ-
ent conditions, thereby verifying the importance of adopting the
hyperparameter self-adaptive selection strategy.
7

In summary, the DNN optimization approach in the sub-domain
proposed in this study is shown in Fig. 6. It is noted that the num-
ber of sample points for each Latin hypercube sampling is within a
few hundred, which is a small sample numbers for deep learning;
thus, the time required for training a neural network only is very
short, and the hyperparameter adaptive change process is only
performed when the projection parameter increases. Accordingly,
the proportion of the total time required to implement the above
algorithm within the entire iteration process can be ignored in
numerical practice compared with finite element evaluations.

The topology optimization method of DNN-MFSE can be sum-
marized as follows. First, the given design domain is expanded
using the material-field series expansion method and undergoes
a reduction in the number of design variables. Second, the center
position and the search area of the initial design sub-domain are
given, and Latin hypercube sampling is performed for the initial
design domain. Then, sample points are divided into training and
testing datasets, and the network hyperparameters are automati-
cally selected when the projection parameter is increased. Third,
using an optimized neural network as a surrogate penalty objective
function, and based on a local adding-point strategy and surrogate
optimization, the best sub-domain point was found and selected as
the center point of the next self-adaptive sub-domain until the
topology optimization reached convergence. Fig. 7 shows the 3-
step workflow program that was used to construct the DNN-
MFSE as a means to solve topology optimization problems.

3.4. Comparison between the DNN-MFSE and the KG-MFSE

In [25], a KG-MFSE gradient-free topology optimization method
was developed. This method included advantages related to prob-
lems when fewer design variables were involved. However, it is
difficult to deal with the problem with a large number of design
variables (e.g., M P 100). To quantitatively compare the accuracy
of the two surrogate methods (Kriging and DNN models), the
effects of the search-field area and the design variable dimensions
on the prediction accuracy and the mean standard deviation are
compared in Fig. 8, based on the dataset presented in Section 3.3.

Fig. 8 shows that, compared with the Kriging model, the self-
adapted DNN model is less sensitive to an increase in dimensional-



Fig. 5. The average prediction error and the standard deviation of deep neural network before and after hyperparameter adaptation.

Fig. 6. The optimization algorithm in the sub-domain.
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ity and, as the domain area expands, the decrease in surrogate per-
formance is also within the acceptable range. Regarding the above
observation, for high-dimensional MFSE-based topology optimiza-
tion problems, the introduction of the self-adapted DNN model
8

may solve problems that are difficult to solve using the Kriging
model. The subsequent numerical examples showed that the
method proposed in this study was very effective, even for applica-
tion to complex topology optimization problems.



Fig. 7. The workflow of the DNN-MFSE for solving topology optimization problems. (a) The pre-processing operation based on MFSE; (b) the neural network adaptation and
local search strategy; (c) the design domain movement and reduction strategy.
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4. Numerical examples

In this section, the proposed DNN-MFSE method is used to solve
several typical topology optimization problems, including 2D and
3D compliance-minimization problems, the maximum volume
modulus design of microstructures, and the stress minimization
of a dropped mobile phone problem. By comparing the optimiza-
tion results with the gradient method and the Kriging-based
gradient-free method, the versatility and robustness of the pro-
posed method were underscored.

4.1. Compliance-minimization 2D topology optimization problems

In order to facilitate a comparison with other gradient-free
topology optimization techniques, two typical compliance-
minimization cases were considered using the same optimization
settings, i.e., a short cantilever beam and an MBB beam.

Young’s modulus of the solid material was set to E0 ¼ 200 GPa,
and Poisson’s ratio was set to t ¼ 0:3. The objective was to mini-
mize the compliance with a volume ratio of 50%. As shown in
Fig. 9, the right middle of the short cantilever beam is subjected
to a point force of F ¼ 1000 N, while the left side is fully fixed.
The size of the design domain is 80� 80mm, uniformly distributed
in 40 � 40 observation points, and discretized into 80 � 80 four-
node plane-stress elements. When the truncation accuracy was
99.9%, the number of design variables in this example was 50.
Table 2 shows the optimization results obtained by using the pro-
posed method for two random experiments. The results obtained
by this method were compared with those obtained by the
9

gradient-based MFSE method [24]. It can be seen from Table 2 that
the topologies were essentially the same, and the difference
between the objective functions was negligible, which indicated
that the proposed DNN-MFSE method could effectively solve the
problem without requiring the sensitivity of the objective function.

Fig. 10 shows the optimization history of the penalty objective
function. The reason for fluctuations in the objective function was
due to the Latin hypercube sampling in each sub-optimization. The
iterative process among sub-optimizations was robust. The num-
ber of finite element (FE) evaluations required by the proposed
method was 1941 with 14 Latin hypercube sampling processes.

It is noted that the similar topology optimization problem with
a coarse mesh (having only 11 � 11 = 121 FEs) has also been per-
formed by other non-gradient methods, such as the density-based
GSA and SOLO methods[19]. The GSA performed 4 � 106 FE evalu-
ations while the SOLO converged after 10,243 FE function calcula-
tions. Compared with directly using GSA and SOLO, the proposed
DNN-MFSE can handle very fine mesh, and simultaneously reduces
the number of FE evaluations to 1/2000 and 1/5, respectively.

Further, to exhibit the changes of hyperparameters during the
optimization process, the hyperparameters function curves are
plotted in Fig. 11. It can be seen that the number of blocks for
the self-adaptive neural network is kept at 3–4, which is consistent
with the aforementioned description: shallow neural networks
cannot accurately surrogate the topology optimization problem.
The dropout rate in the first sub-problem remains high due to
the sub-domain being relatively large in the early stages of opti-
mization, and it becomes smaller during the last several sub-



Fig. 8. Comparison of Kriging surrogate model and self-adapted deep neural network for the average prediction error and the standard deviation.

Fig. 9. Cantilever beam design domain.
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problems, proving the necessity of a hyperparameter self-adaptive
selection strategy.

The second numerical example is an MBB beam as shown in
Fig. 12. The elastic modulus and Poisson’s ratio were the same as
in the cantilever problem; the design domain length of the struc-
ture was 180 mm, and the width was 30 mm. A concentrated force
10
of 1000 N was applied at the center of the top edge, and the volume
ratio was 50%. Only half of the design domain, with 90� 30 uni-
formly distributed observation points and 180� 60 plane stress
four-node elements, were included in the analysis. After truncation
of the material-field series, the number of MFSE design variables
was 64.

The optimization processes of the DNN-MFSE were tested twice
randomly and the results are shown in Fig. 13. Because of the ran-
dom sampling, the results of each run were slightly different; how-
ever, it can be seen that a clear structural topology and load
transfer path were obtained for each optimization, and the differ-
ence between the target compliances was slight. The iterative his-
tory of the penalty objective function and the corresponding
topologies are given in Fig. 14, which shows that the optimization
history of the objective function was stable during 3398 finite ele-
ment analyses and 17 sub-domain searches. Although the number
of finite element calls for this problem was higher than the KG-
MFSE method, it should be noted that this method was still more
effective than the non-gradient topology optimization algorithm
based on the genetic algorithm or the gradient-based method with
sensitivity difference approximation. It is noted that the proposed
DNN-MFSE method was able to simultaneously employ computing
in parallel with accelerating the finite element calculation process
in the Latin hypercube sampling, and this process could easily be
applied to complex topology optimization problems.

To verify the stability of the proposed method, we ran the opti-
mization procedure of the cantilever beam and the MBB beam 10



Table 2
Optimized result of different methods.

Method Compliance (Nm) Topology configuration Material field distribution

DNN-MFSE（test-1） 0.7562

DNN-MFSE（test-2） 0.7538

Gradient-based MFSE in [24] 0.7472
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times, respectively, calculated their statistical characteristics, and
compared them with those of the KG-MFSE method. The results
in Table 3 show that for each problem, the mean and standard
deviation of compliance using the proposed DNN-MFSE optimiza-
tion method is significantly smaller, and show a more outstanding
and stable performance compared with the KG-MFSE.
4.2. Compliance-minimization of 3D topology optimization problems

In this example, to further prove the DNN-MFSE algorithm’s
abilities, a 3D long cantilever beam with the design domain of
48 mm � 16 mm � 12 mm (Fig. 15) is selected for optimization.
A uniform distributed load, i.e., q ¼ 100 N=mm , is applied on the
bottom of the free end, and the allowable volume ratio is set to
15%. This example is to show that our method can handle more
design variables than the KG-MFSE, which makes the 3D topology
optimization problem can be solved efficiently by the gradient-free
method became realistic.

Given the symmetry in the Z-direction, one-half of the design
domain was considered. First, a coarse discretization was estab-
lished for the material field representation and the finite element
analysis, in which 24 � 8 � 3 observation points were uniformly
distributed in the design domain, and the mesh was divided into
48 � 16 � 6 eight-node solid elements. After the truncation of
the material-field series with lc ¼ 13 mm, a total of 108 design
variables were included in this optimization. After 2198 cycles of
finite element analysis, convergence was reached. The optimiza-
tion history with corresponding evolutionary topologies is shown
Fig. 10. Optimization history for cantilever beam by DNN-MFSE.
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in Fig. 16 and the compliance value of the final design, shown in
Fig. 17(a), is 4.41 Nm, which is only 1.35% greater than the value
(4.35 Nm) obtained using the gradient-based MFSE method, thus
indicating the ability and accuracy of the method for solving 3D
problems. To the author’s knowledge, this is the first time that
gradient-free algorithms were successfully applied to 3D topology
optimization examples.

In addition, we set the correlation length to be lc ¼ 9.5 mm and,
accordingly, the number of design variables was 200 according to
Equation (8), which could not be effectively solved by the KG-
MFSE method. In this case, 48 � 16 � 6 observation points were
uniformly distributed in the design domain and the mesh was
divided into 96 � 32 � 12 eight-node solid elements. The number
of finite element calls required was 3424. The final topological con-
figuration is shown in Fig. 17(b) and the corresponding compliance
value is 3.80 Nm, which is only 3.23% greater than the gradient-
based solution (3.68 Nm). The result further indicated the ability
of the proposed method to solve topology optimization problems
with relatively large design variable dimensions.

4.3. Bulk modulus maximization for the microstructure design

Cellular materials with periodic microstructures have received
extensive attention due to their various advanced physical,
mechanical, and thermal properties compared with solid materials,
and their material properties can be obtained by numerical
homogenization. It is well-established that the microstructure
design is a typical problem with multiple local solutions. When
using a gradient-based algorithm to solve this problem, a solution
strongly depends on the initial guess of the structure [51].

Here, we want to show in this example the superior performance
of DNN-MFSE compared to the gradient method for multi-local solu-
tion problems such as the maximizing microstructures bulk modu-
lus. To ensure the orthotropy of the microstructure, the unit cell
design domain was established considering geometry symmetry.
The MFSE topology optimization model is given as follows:

min
g

�P
i

P
j
Dij

s:t:

Kvi ¼ f iP
e
ve 6 V�

gTW ig 6 1

8>><
>>:

ð24Þ



Fig. 11. The hyperparameter self-adaptive history in cantilever beam case. discrete hyperparameters. (b) Continuous hyperparameters.

Fig. 12. Messerschmitt-Bölkow-Blohm (MBB) beam design domain.

Fig. 13. The results of MBB beams by DNN-MFSE with two random tests (left,
material field distribution; right, structure topology). (a) Test 1, compliance is
10.2370; (b) Test 2, compliance is 10.2742.

Fig. 14. Optimization history for MBB beam by DNN-MFSE.

Table 3
The performance of different methods for compliance-minimization topology optimization

Example Gradient-based MFSE
(Nm)

DNN-MFSE

Mean of compliance
(Nm)

Standard deviat
(Nm)

Cantilever
beam

0.7472 0.7564 0.0022

MBB beam 9.8625 10.2221 0.0882

Fig. 15. The 3D cantilever beam design domain.

Fig. 16. Optimization iterative history of the 3D cantilever beam.
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where V� is the allowable material volume, i; j ¼ 2 in the 2D case,
and i; j ¼ 3 in the 3D case. Young’s modulus and Poisson’s ratio of
the base material are 1 and 0.3, respectively.
problems.

KG-MFSE [25]

ion of compliance Mean of compliance
(Nm)

Standard deviation of compliance
(Nm)

0.7565 0.0251

10.3315 0.6423



Fig. 17. Topology optimization solutions of 3D cantilever beams with different correlation lengths. (a) lc = 13 mm; (b) lc = 9.5 mm.

Fig. 18. Comparison of the bulk modulus of the optimized designs with the H-S
upper bound.
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The 2D maximum bulk modulus material design was conducted
first. The unit cell was discretized with 100 � 100 bi-linear quadri-
lateral finite elements, the correlation length was set as 15% of the
unit cell length, and the number of design variables in this example
was 99. Starting from an initial homogeneous base material distri-
bution, the optimized solutions with different volume ratios are
shown in Fig. 18, and all volume fraction constraints are satisfied.
The required number of finite element calls for all cases was fewer
than 2600. We compared the bulk modulus with the H-S upper
bound for all cases plotted in Fig. 19. The conclusion was that in
all the cases, deviation from the H-S upper bound was less than
2%, thereby indicating that the better performance of the proposed
method without the need for experience-based guessing regarding
the initial layout.

Second, the proposed DNN-MFSE method was applied for max-
imizing the bulk modulus of the 3D microstructures. The unit cell
was discretized with 40 � 40 � 40 eight-node solid finite elements,
and the allowable volume ratios were 30%, 40%, and 50%, respec-
tively. After implementing the proposed method without the initial
microstructural geometry and the sensitivity information, opti-
mized results of three cases, including the optimized topologies
of the unit cell, the 2 � 2 � 2 unit cells, the corresponding homog-
enized constitutive matrix, and the bulk modulus, were shown in
Fig. 20. When the volume ratio was 30%, the optimization problem
converged after successively searching in 17 sub-domains with
2674 finite element calls, and the bulk modulus was 0.93. The opti-
mized bulk modulus value was the same as in the results [52] but
showed a different topological configuration. It was also clearly
observed that the optimized configurations of the unit cell with
13
50% material usage, which were obtained by the proposed method,
were consistent with the results [52]. Moreover, the results of all
the numerical examples were slightly better than the results
[52]. Hence, the effectiveness of the proposed method for 3D
microstructural material design was validated.
4.4. Minimization of the maximum weld stress in the dropped mobile
phone problem

Smartphones are present in thousands of households due to
their portability and usability. When using a mobile phone, it is
very common for it to accidentally be dropped onto a hard surface,
which may cause physical damage to its internal parts or to the
external casing, particularly the solder joints, which are important
for maintaining functionality. In this example, a dynamics problem
is applied to confirm the ability of the proposed method to solve
complex nonlinear problems, i.e., minimizing the weld stress of a
dropped mobile phone (as shown in Fig. 21), in which gradient-
based methods are difficult to address. Lim et al. [53] pointed out
that horizontal drop orientations generally produced the largest
impact responses. A smartphone free-drop from a pocket is one
of the most common situations in which this can occur. Therefore,
assuming that the height of the mobile phone free-drop is 1 m, this
paper converts this value into an equivalent initial velocity, i.e., the
velocity of first contact with the rigid ground surface is 4.427 m/s.
In summary, this study assumes that the phone drops horizontally
onto a hard surface with an initial velocity of v0 ¼ 4:427 m=s, and
the optimization objective is to find the optimal topology of the
shielding frame for minimizing the maximum principal stress on
the solder joints during the impact process.

The MFSE-based optimization model for this problem can be
summarized as follows:

min
g

max
t

StðgÞ

s:t:
Maþ Cv þ F ¼ R

gTW ig 6 1

	 ð25Þ

where t represents the time in the collision analysis, St is the max-
imum principal stress on the solder joints at time t, and
Maþ Cv þ F ¼ R represents the dynamic finite element equation
that the collision obeys. In the finite element formula, M,C,F , and
R are the global mass matrix, the damping matrix, the internal force
vector, and the load vector, respectively. Response vector a and v
are the acceleration vector and the velocity vector, respectively.
Note that the collision problem is a typical nonlinear transient-
state dynamic problem, and it is difficult to derive the design sensi-
tivity information of the objective function, which is indispensable
to gradient-based topology optimization methods.



Fig. 19. Optimized 2D microstructures and their effective material parameters with (a) 20%, (b) 25%, (c) 30%, (d) 35%, (e) 40%, (f) 45%, and (g) 50% base material usages.
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Fig. 20. Optimized 3D microstructures and their effective material parameters with (a) 30%, (b) 40%, and (c) 50% base material usages.

Fig. 21. A mobile phone design problem. (a) A schematic diagram of the dropped mobile phone model; (b) an exploded view of the dropped mobile phone; (c) the shielding
frame topology optimization design domain and the layout of the solder joints.
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Fig. 22. Optimized results of the mobile phone shielding frame. (a) optimized topology; (b) the finite element model; (c) the maximal principal stress curve of solder joints.

Fig. 23. The maximal principal stress distribution of solder joints. (a) the stress distribution before optimization (at 0.23 s); (b) the stress distribution after optimization (at
0.07 s).
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To address non-linear problems such as the impact situation, an
explicit dynamics finite element method can deliver better conver-
gence and high accuracy and efficiency. Accordingly, the Abaqus/
Explicit finite element analysis is adopted to obtain the time curve
of the maximum principal stress in this example, which uses a cen-
tral difference system to solve the equilibrium equation in Eq. (25),
i.e.,
v t ¼ 1
2Dt

stþ1 � st�1ð Þ;at ¼ 1
Dt2

stþ1 � 2st þ st�1ð Þ ð26Þ
where v t ,st and at are velocity, displacement, and acceleration at
time t, respectively, and Dt is the time increment. In this example,
the time increment is set as Dt ¼ 0:01s, and the total analysis time
is 0.26 s.

The finite element model for the entire phone model comprised
up more than 390,000 elements. The ground type was assumed to
be a rigid body that collided with a free-dropped mobile phone.
The upper shielding frame of the mobile phone was set as the
design domain in the proposed DNN-MFSE optimization proce-
dure. The results of the optimized shielding frame are shown in
Fig. 22, where the maximal stress of solder joints during the impact
process is 389.72 MPa, indicating a reduction of 16.59% compared
to the maximum value (467.22 MPa) of the stress spectrum before
optimization. The stress peak of solder joints shifted from one peak
to another and was then significantly reduced. The maximum
stress distribution before and after the optimization is given in
Fig. 23, which shows that the maximum stress appears at 0.23 s
before optimization and switched to 0.07 s after optimization. Fur-
thermore, the position where the maximum stress appears is
transformed from the lower layer to the upper layer of solder
joints. This numerical example demonstrates the powerful ability
of the method proposed herein to solve complex nonlinear
dynamic topology optimization problems.
5. Conclusions

Topology optimization has broad application prospects in many
engineering disciplines, but gradient-based optimization methods
require sensitivity information and easily fall into local solutions,
thus necessitating the demand for gradient-free topology opti-
mization approaches for complex engineering problems. In this
study, a systematic DNN-MFSE method was proposed that indi-
cated better performance than other gradient-free approaches.
Using the presented algorithm, 3D topology optimization prob-
lems, including compliance-minimization problems, maximum
bulk modulus problems, and the dropped phone problem, were
successfully solved. The results of the numerical examples con-
firmed the robustness and effectiveness of the DNN-MFSE method.
Since this method is a surrogate-based optimization method, it can
easily be implemented in parallel computing, and there is no need
to obtain sensitivity information. Moreover, this method presents
significant convenience for solving complex structures and can
potentially be extended to multi-physics coupling microstructural
material design problems. That means this framework active in a
promising way in complex nonlinear or multifunctional material
design and will further investigation in our future work.
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